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In the model of de Sitter gauge theory of gravity, the empty homogenous and 
isotropic spacetimes with constant curvature scalar and nonvanishing homogenous 
and isotropic torsion must have de Sitter metrics. The static de Sitter spacetime with 
static, 0(3)-symmetric, vector torsion is the only spherically symmetric, vacuum 
solution with the metric of the form g^^ = diag(A^(r), —B'^{r), — r^, — sin^ 6). The 
expressions of the torsion for different de Sitter spacetimes are presented. They are 
different from one to another. The properties of different de Sitter spacetimes with 
torsion are also studied. 
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I. INTRODUCTION 

The astronomical observations show that our universe is probably an asymptotically de Sitter 
(dS) one [1, 2]. It raises the interests on dS gauge theories of gravity. There is a model of dS 
gravity^, which was first proposed in the 1970's [3, 4]. The dS gravity can be stimulated from 
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^ Hereafter, the model of dS gauge theory of gravity is called the dS gravity for short in this paper. 
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dS invariant special relativity [5-7] and the principle of localization — the full symmetry of the 
special relativity as well as the laws of dynamics are both localized [8-10] — and realized in 
terms of the dS connection on a kind of totally umbilical submanifolds (under the dS-Lorentz 
gauge) and Yang-Mills type action [3, 8, 10]. 

It has been shown that all vacuum solutions of Einstein field equations with a cosmological 
constant are the vacuum solutions of the set of field equations without torsion [8, 9]. In 
particular, Schwarzschild-dS and Kerr-dS metrics are two solutions. On the other hand, it can 
also been shown that the vacuum solutions of the set of field equations without torsion must 
be the vacuum solutions of Einstein field equations with the same cosmological constant [11]. 
Therefore, one may expect that the dS gravity may pass all solar-system-scale observations 
and experimental tests for general relativity (GR)^. It has also been shown [10] that the dS 
gravity may explain the accelerating expansion and supply a natural transit from decelerating 
expansion to accelerating expansion without the help of the introduction of matter fields in 
addition to dust. 

The present paper aims at finding the dS spacetimes with torsion in the dS gravity and 
studying their properties. The A; = de Sitter spacetime with constant torsion [13, 14] and 
the static de Sitter spacetime with spherical torsion which satisfy the double duality ansatz 
[15, 16] have been presented for some gauge theories of gravity. Other de Sitter solutions 
with nonvanishing torsion are also given for other theories [17, 18]. But, all of the theories 
are different from the dS gravity. We present the de Sitter spacetimes with homogenous and 
isotropic torsion for spatial curvature k = 0,±1 and static de Sitter spacetime with static, 
0(3)-symmetric, vector torsion. The formers are the only vacuum solutions in the dS gravity 
for the empty, homogenous, isotropic, constant-curvature-scalar universe. The latter is the only 
spherically symmetric, vacuum solution in the dS gravity for a large class of spacetimes. 

The paper is arranged as follows. We first review the model of the dS gravity in the next 
section. In the third section, we study the dS solutions with homogeneous and isotropic torsion. 
In Sec. IV, we solve the 0(3)-symmetric, static , vacuum field equations. We shall give some 
concluding remarks in the final section. 

II. DE SITTER GAUGE THEORY OF GRAVITY 

The dS gauge theory of gravity is established based on the following consideration. The 
non-gravitational theory is de Sitter invariant special relativity. The theory of gravity should 
follow the principle of localization, which says that the full symmetry as well as the laws of 
dynamics are both localized, and the gravitational action takes Yang-Mills-type. 

A model of dS gauge theory of gravity has been constructed [3, 4, 8-10] in terms of the de 
Sitter connection in the dS-Lorentz frame, which read^ 

where B^^^ = rj^^B^^, in which r/^^ is the inverse of tiab = diag(?7a6, —1) = 



^ The problem of matching the exterior solution with an interior solution has been studied in [12]. 
^ The same connection with different gravitational dynamics has also been studied (See, e.g. [19-27]) 
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diag(l, —1, —1, —1, —1) and e"^ is the tetrad field. Its curvature is then 



-R-'tC J (2-2) 

where e*^^^^ = e^Cbi, — e^Cb^, = rjabC^^, F"-'^^^ and T"^j^ are the curvature and torsion of the 
Lorentz connection: 

= - d,e; + i?%e^ - fi'^^.e^, (2.3) 
O", = du;\ + A u\ = \f\^Jx^ A 

-^V'^ = - dyB\^ + B^^^B^^ - B^'^^B^^. (2.4) 

where = e'^^dx^ is the coframe and cj"^ = B\^dx^ is connection 1-form. 

The action for the model of de Sitter gauge theory of gravity with sources takes the form of 

•S't = •S'gym + Sm.1 (2.5) 

where 

1 r 



^9 JM 



— I d'^xe 

' M 



-^^K^^ar - xiF - 2A) - ^T'^^^T^ 



(2.6) 



is the gravitational Yang-Mills action and Sm is the action of sources with minimum coupling. 
In Eq.(2.6), g = (Ry/x)^^ ~ 10^^^ is the dimensionless gravitational coupling constant, e = 
det(e^), A = 3/R^, x = l/(167rG), = 3xA^^, G is the Newtonian gravitational couphng 
constant, F = —\F°''^^j^e^,^^ is the scalar curvature of the Cartan connection, (c = 1, = 1) 
The field equations can be given via the variational principle with respect to e"^, -B"^^, 

^a' = T^wu - K + \Fe^a - ^< - 87rG(TMr + T^a') = 0, (2.7) 
yab' = F^rwu - R-'{lQ^GS^a^ + S^J) = 0. (2.8) 

II represents the covariant derivative defined by Christoffel symbol {(^^} and Lorentz connection 

ua p ^l — _p IJ-^ pb p — p M^a 



fj. _ c m_ ■'■ ^"^M 



^Ma - ^^n, ^Mab - 2^ 5B'^' ^ ^ ^ 



are the tetrad form of the stress-energy tensor and spin current for matter, respectively. 

T(,; = + 2xTt,'^ (2.10) 

is the tetrad form of the stress-energy tensor of gravitational field, which can be split into the 
curvature part 

Tp/ = e:Tr(F^^F.,) - \e^,Ti{F^^ F^„) (2.11) 
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and torsion part 



T^a' = <T/^n, - ^e^,T,"^T\^. (2.12) 
Similarly, the gravitational spin-current 

^Gab" = ^Fab^ + '^^Tab^ (2.13) 

can also be divided into two parts 

'Tab ~ ^[a ^f)]A' 



'^'xaft' - '^la^'^bW^ (2.15) 



where 



is the contortion. 



y\u = kT\^ + T,\ + T^\) (2.16) 



III. DS SOLUTIONS WITH HOMOGENEOUS AND ISOTROPIC TORSION 

First of all, there is no dS solution with S0(l,4) symmetric torsion in the model of dS gauge 
theory of gravity. 

For the homogeneous and isotropic universe, the metric of spacetime takes the Friedmann- 
Robert son- Walker (FRW) form 

ds"" = df - a^(t)[ , , + r\d9^ + sin^ ed(l)% (3.1) 

where k = 0, ±1, and there are 6 Killing vector fields ^(j) (J = 1, • • • 6) for each k. To keep the 
homogeneity and isotropy of the universe the torsion is also required to be homogeneous and 
isotropic. In other words, the torsion should satisfy 

£t T" = 0, / = l,---6. (3.2) 

Further, we require that the torsion be invariant under space inversion. Then, for any k the 
torsion always takes the form [14] 



't° = 

= T+(t) 79° A 
= T+{t) -d^ A-d^ 
= T+{t) 7?° A 

where -d^ = dt, -d^ = ^^^dr, t?^ = a{t)rde, -d^ = a(t)r sin i 

The reduced vacuum Einstein-like equations and Yang-like equations are: 

- + 2^T^ - 2^)T+ + - A^Tl + (5^ + 2^ - 



(3.3) 



a' ' ^ a ^ a' ^ ^ a ^ ^ a' a' R' 
d a d^ k 3 b? k 2 k"^ 2 k 2 
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a 



Tl + A-Tl 
a 



a ,a a 
-2- --2- 

a a a 



k 6 
2^ 



4 'd 



a 
k 



• 2 -2 

a a 
a a an 



2 k 6 



0, (3.5) 



3-T4 
a 



(2T^ 



6-T+ 
a 



d k 
- + 5^ + 2^ 
a a a 



3 a da 



a a 



The trace of Einstein-like equations give rise to 

2 



a 
a 



k 2 3,- 

- + -2 + - r+ + 3-TH. 

R 2 a 

A direct calculation shows the curvature scalar in this case is 

2 



6 



3d 



a 



a k 



a a 



In terms of the expression, Eq.(3.6) can be written in a very simple form 

F + 2T+{F -9/R^) = 0. 
In particular, its const ant- curvature scalar solutions require either = or 



F - 9/R^ 



0. 



The former is the torsion- free case, which has been discussed in [9]. For the latter 
combinations of Eqs.(3.7) and (3.8) with (3.10) give rise to 



+ 



+ 



2R 



2 ' 



= 0. (3.6) 
(3.7) 
(3.8) 

(3.9) 

(3.10) 
case, the 

(3.11) 



3d_ 
T+ + — 
a 



+ R^ 



0. 



With the help of Eqs.(3.11) and (3.12), Eq. (3.4) reduces to 

d^ + k = ay{AR^). 



(3.12) 



(3.13) 



Eqs.(3.11), (3.12), and (3.13) constitute a (over-determinant) system of equations for a and T4. 
One can immediately solve Eq.(3.13), 



a{t) 



H-^ cosh{Ht) for A; = 1 
jj-i^Ht for k = 

H~^smh{Ht) forA; = -l, 



(3.14) 



where H = ±1/2R. They are de Sitter solutions and satisfy Eq.(3.11), too. The remaining task 
is to solve Eq.(3.12) for different de Sitter spacetimes, which can be written in dimensionless 
form 



a 



(3.15) 
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where y = T^/H, x = Ht, a prime represent the derivative with respect to x. 
For k = de Sitter spacetime, Eq.(3.15) reads 



(3.16) 



It has the general solutions 



5x 



4 + Ce 
1 - Ce^^ 



or 



H{4: + Ce 
1-Ce 



5Ht\ 



5Ht ' 



(3.17) 



where C is a constant of integration. In particular, when C = oo, y = —1, = ^jj^. When 
C = 0,y = 4, T+ = ±-|. Both of them are constant solutions. They are also the asymptotical 
states at X ^ ±oo for a generic C. When x — |lnC, y and thus T+ tends to oo. Fig. 1 
plots the dimensionless torsion y versus the dimensionless time x for C = 1. 
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FIG. 1: The evolution of dimensionless torsion y for A; = de Sitter spacetime and C = 1. 
The stress-energy tensors and the spin currents of gravitational field are 



rp a 

b 



rp a 

-'T b 



l2H\Tl - 2HT+ - 2i7')diag(3, -1, -1, -1) 



4(6 + 18Ce5^* + CV°^*) 



12H 



— tdiag(3, 



:i - Ce 



5Ht\2 



diag(3, 



(4 + Ce 
^(1 - Cd 



5Ht\2 



5Ht\2 



diag(3, -1, -1, -1), 



Fab 



4 _|_ Cp^Ht 

AS^,^ = -2T^{5:5l - 5%) = -2H-^—^(5:5l - 



Ce 



respectively. In particular, they reduce to 



F b 



12 
A 



diag(3 



TT^ = -diag(3, -1,-1,-1) 
SfJ = ^S^ab' = ±VmiKS'b - 



(3.18) 
(3.19) 
(3.20) 



(3.21) 

(3.22) 
(3.23) 
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for the case C = cxd, T+ = —H = ^^^^ A/3, and 



Tp'^, = ^diag(3, -1,-1,-1) 
2A 

T/, = —diag(3, -1,-1,-1) 



(3.24) 

(3.25) 
(3.26) 



for the case C = 0, T+ = AH = ±2-y/A/3, which are all finite everywhere. For other C, the 
stress-energy tensors and the spin currents will be divergent at t = — In C. 
For the k = +1 de Sitter spacetime, Eq.(3.15) reads 

y'{x) + 3 tanh(a;)?/ - = -4. (3.27) 

FIG 2 presents the finite, non-oscillatory, numerical solutions y{x) with T+ ~ o{H). 




FIG. 2: Finite, non-oscillatory, numerical solution y{x) with T+ o{H). 

The stress-energy tensors of gravitational fields 

T-p\ = 12H^[Tl - 2Htanh{Ht)T+ - 2H^]dmg{3, -1, -1, -1), 



-^T b 



-diag(3, -1,-1,-1) 



and the spin currents of gravitational fields 



'-'Fab — ^'-'Tab 



bJy 



are all finite everywhere. 

For the k = —1 de Sitter spacetime, Eq.(3.15) reduces to 

y'{x) + 3 coth(x)?/ — y'^ = —4, 

which has the asymptotical solution ?/ = — lasx— s>oo and the asymptotical solution 



y — > 2csch^a;{cotha; -|- [log(tanh — ) — C] sinha;}"^ 

when X ^ 0. Therefore, T^{t) should be initially huge and decay to T+ 
3 sketches out the numerical solutions for Eq.(3.31). 



(3.28) 
(3.29) 

(3.30) 



(3.31) 



(3.32) 

-H ast^ oo. FIG 
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FIG. 3: The numerical solution for Eq.(3.31). 

In this case, the stress-energy tensors of gravitational fields 

Tp\ = 12H'^[Tl - 2Hcot\i{Ht)T+ - 2i72]diag(3, -1, -1, -1), 

'j-i2 

T/, = ^diag(3, -1,-1,-1), 
and the spin currents of gravitational fields 



(3.33) 
(3.34) 

(3.35) 



are all initially divergent. 



IV. DS SOLUTIONS WITH STATIC, SPHERICALLY SYMMETRIC TORSION 



To find the static dS solutions we suppose that the metric takes the form 

ds^ = A\r)df - B\r)dr^ - r^d^^. 



(4.1) 



On the same reason as the cosmological case above, the torsion should be static and 0(3) 
invariant, namely. 



Ct T'' = 0, 



■4 



(4.2) 



where (J = 1 ■ ■ ■ 4) are the timelike Killing vector fields and three rotation Killing vector 
fields and T'^ is invariant under the space inversion. Generally the static spherically symmetric 
torsion can be taken as the forms in the papers [28]. Further, the torsion can be irreducibly 
decomposed as trace-vector, axial-vector and tensor pieces under the Lorentz group. For static 
and 0(3)-symmetric torsion, the axial- vector piece automatically vanishes. For simplicity, we 
consider the trace- vector piece 

T° = To(r)79° A-j?^ 

= Ti(r)^9°A#-To(r)^9^ A#, 



(4.3) 
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where = A{r)dt, = B{r)dr, i?^ = rdO, and = rsm9d(j). 

By substituting the coframe and torsion forms into Eqs.(2.7) and (2.8) we can get 9 inde- 
pendent equations, 5 for the Einstein-hke equation and 4 for the Yang-hke equation, which are 
hsted in Appendix for completion. Below we can simplify the field equations to get the de 
Sitter solutions. 

Firstly £/e° - So'^e^ = ( i.e. (A2) - (A3)) gives rise to 

A{r)Ti{r) = C. (4.4) 

where C is an arbitrary constant with the dimension of the inverse of length. 

Then with the help of Eq.(4.4), J^o/e^ + J^ao^e^ = (i.e. (A7) + (A8)) leads to 

n' = T;(^ + |J + -) + -U^ + (4.5) 
±1 B r r B r 

Additionally one can obtain from J^oi^^Jt ~ (i-^- Elq.(A7)) 

To = ^(| + f ) + + BiT^ - n - ^) - ^To. (4.6) 



The trace of Einstein-like equations, namely SJ^e'^^ = then gives rise to 

rB'^. (4.7) 



t; B' A . 



Ti B 6 

Then, the system of equations Eqs.(Al) — (A9) reduce to the differential equation 

2r—--r'B' + B'-l = (4.8) 

and algebraic equation 

Ar^B^ - 12B^ + 12 = (4.9) 
plus Eqs.(4.4) — (4.7). From Eq.(4.9), one immediately finds 

B^ = (4.10) 

where = A/12. It also solves Eq.(4.8) obviously. The integration of Eq.(4.7) shows 



1^2 tt2 

I-? = T^^ (4.11) 



where Ci is a dimensionless, integration constant. Eq.(4.11) is consistent with Eq.(4.5) as it 
should be. Further, 

^' = ^(1-^V). (4.12) 

Without loss of generality, one can choose C*^ = H'^Cf = H'^C^ by the re-scale of the time t. 
Then, 

A^ = {l-H\^). (4.13) 
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Eq.(4.6) becomes 



2 - 3H^r^ 



r(l - H\^' 



AH' 



+ 



It can be written as 



d?/ 2 — tan^ ( 



tanC 



-y + y' = C'sec'C-4, 



(4.14) 



(4.15) 



where y = Tq/H, r = sin(^. The general solution of the equation is a function of hyperge- 
ometric functions with an integration of constant Cq. The reality of both y and Co requires Co 
to be zero. Thus, the solution takes the form 



2/(0 



^,6-C 6 + C 9 2.x' 

C2 - 16 2 2' ''''' 

4 sec C - - - 

7 zr^4-C 4 + C 7 2 

Fi , , -, sec^ C) 

^ 2 2 2 . 



tan^. 



(4.16) 



As a special case, C = 4, the solution reduces to 

y(C) = 4tanC or To 
which has the asymptotic behavior 

To 



4ifV 



VI - i^^r 



CH 



Vl-iJ 



(4.17) 



(4.18) 



as C—^7r/2 or r—s>if ^. In fact, the general solution (4.16) also shares the same asymptotic 
property. The behavior of To(r) is shown in FIG 4, which is not sensitive to To(0). 



600 
500 
400 : 
300 - 
200 
100 



0.25 0.5 0.75 1 1.25 1.5 



FIG. 4: y thus Tq is divergent ai Q = -k /2 ov r = H ^. 



In brief, the static dS space 

ds^ = (1 - Hh^)de 



1 - H\ 



2„2 



with the static torsion To and Ti, given by Eqs.(4.16) and (4.11), respectively, is the only 
solution of the vacuum field equations for the Ansatz (4.1) and (4.3). 
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The nonzero tetrad components of the stress-energy tensor of gravitational fields are 



rp 

-^F 



T 1 

-^F 



T 1 
-'f 1 

-^F 2 

rp 

-'t 
-'t 

-'T 2 



A[T2 + + 2if2 
-TA = 2riA[To 



Oh 



T 3 

-^F 3 



A[r2 - Tf + 2H^ + ^ToVl - ^V2] 



OT^ 

— irp — ZIqIi, 



(4.19) 



(4.20) 



The spin currents of gravitational fields are 
The straightforward calculation shows that 



2Tom 



(4.21) 



, 4 4 p , 4 2 - 3i7V2 , 4 1 - 2H\'^ 



ry/lZrjp^ r Vl - i/2^2 



2 3 - 2iJV2 



^2 ^ 



- 2H^ 



rp2 



2 - 3H^r^ 



r Vl - 



To + 93H^ 



(4.22) 



Fa,F..e".e;: = 4 I (VI - gV2 - 3)ro^ + 3T,^ + - 4T^T^ 

+ JVl-if2^2[2T2 - (1 - 2H^r'^)T^]To 

+ ^ . [2ff2(9 _ 3^2^2) _ ^2^2y2|y^ 

rvl — ff2^2 

+ r4^[ ^"'f'' ^o - ^^(2 - //V^)T,^] -93-4^1 . (4.23) 
1—Hr r l—Hr) 

Obviously, they are divergent when r ^ 1/H. 



V. CONCLUDING REMARKS 

The vacuum equations of the dS gravity have been solved and several important dS solutions 
have been obtained. The /c = dS spacetime with constant torsion and /c = +1 dS spacetime 
have no singularity in whole spacetimes. In contrast, the /c = dS spacetime with varying 
torsion, /c = — 1 dS spacetime, and the static dS spacetime have singularity. 

The most important feature of our solutions is that the different de Sitter metrics describe 
different geometries because of the existence of the nonzero torsions and their dependence on 
different coordinates in different manners. Although the metric admits 10 Killing vector fields 
for each case, the torsion does not possess so high symmetry. For different metrics, the torsion 
has different symmetry. Even for the 3 homogeneous and isotropic cases, the symmetries are 
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different. When k = 0, ±1, the torsion is IS0(3)-, S0(4)-, S0(3,l)-symmetric, respectively. 
Therefore, they are not equivalent to each other. 

Another important feature of our solutions is that for the static de Sitter spacetime with 
torsion the horizon is no longer a coordinate singularity, Since the torsion, gravitational stress- 
energy tensor, and invariant curvature scalars become divergent at singularities, these singular- 
ities are intrinsic ones in the dS gravity. In GR the horizon singularity is a kind of coordinate 
singularity which can be removed by coordinate transformation. Here these singularities at 
horizon are not coordinate singularities and can not be removed, so the Riemann-Cartan 
spacetime can not be extended to pass through the horizon. Some properties about horizon in 
GR, like Hawking radiation and horizon entropy, should be reconsidered in this kind of theory 
of gravity. 
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APPENDIX A: FIELD EQUATIONS FOR ANSATZ (4.1) AND (4.2) 

The explicit expressions of the field equations for Ansatz (4.1) and (4.3) are as follows. The 
independent Einstein-like equations (Tj^^^^^e^^ + ■ ■ ■ ) are {ah :) 00, 10, 01, 11 and 22 component 
equations. They are 



A" 



I A" A' B' fA' 



2 A AS \ A 



2 „2 



+ 3^-^ B'Tt - - 



A' \ ' 2 B ' r 



(b'-\b^t,-Ib)t, + ,^ (BX-y, 



-3^52To + 2BT^ - 2BT^ + ^Tq^ - ^ (^QB% - + ^ABB' 

+ -B' (btI - -To ) + -B'^T' (t' - ABTl + -Tq + 2A5 ) - SB^iTi - 2BToTi] 
r \ r J 2 \ r J 

Ab' ( ?>Tt - - 2T^,T^, + KT^ - 3AT^ - ^T^ + ^T^ + \-^ + h 



( 3T,^ - - 2T^T? + AT^ - 3AT^ - 4^0 + + A - |4 + ^ ' 
z \ r r r 6r o 

(2t; + ^ - a) + Ifl'^ (9TS - 3r^ - ^ + a) + |j (iBT„ + i) = 0, (Al) 



4 (b(TiT;, - T„T[) - ir; + B^TiiT^" - Ti') + -BTiT„ - ~TA - \kB^T[ 

A \ r r r B J 2 

+BTo (b{TX - ToT[) - -T[ + B^T,{To^ - + ^A) + -BT^T^ - -^T^) = 0, 
\ r 2 r r B J 

BTo + [b{T^T^ - ToT[) - + B^Ti{T^ - + ^) + '^BT^T^ - \^T^ = 0. 



(A2) 



(A3) 



13 



1A"2 A"fA',B' „„. „„A A'VlB" „ „, „o.l 

■'in - 'in - -BT^- 

r 

1 B'^ 



r r \ 2 r 



-^4^ f (—^0 - - ^^oT') - AB^To - —B 
AyB^S 3r 



27^ 3' 



+B' { --{T^ + Tt) + T^T^ + -(T^ - T^,) + -(T^ - ?>Tl) + + -A' 



(A5) 



The independent Yang-like equations (-^^b'^'^iy^M + ' ' ' ) ('^^^ •) ^11., 202 and 122 com- 
ponent equations. 

A'" A" 5' 2\ A'V^' \ A' B' f B' 2 

+ ^ I^ETq - 252X0^ + 2B^T^ - '^BTo - 4) + BTq - B'Tq + '^BT'^ 

+2B'To (t^ - - ^) - l^To [2BT, + ^) = 0, (A6) 

2B^(T:To - T'Ti) + -{BT[ + B'Ti) + 2B^Ti{T^ - - -A) - -B'^TqTi = 0, (A7) 
r 2 r 

5 (^Ti - ^T,' + I^T; - + 1ti(1 - B')^ + 5^ro(3^Ti + T,') 

+2B^T'Ti - -(B'Ti + BT[) - 2B^Ti(T^ - T(? - -A) + -B'^TqTi = 0, (A8) 
r 2 r 

/1/2 1/1' 1 1 R' 1 R" R'2 

i^(^^o + ^) - ^{Bn - 2BX - B^Tl + IbTo - 1|) + - 3|^) 

-(5r^' - B'T^ - + ^5r^) + 3B^TiT{ + B^To{2T^ - 2T^ - ^ + A) 

+ -B'iAT^ _ J_) + ^BTo + 4 = 0. (A9) 
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